CYCLICALLY SYMMETRIC PROBLEMS OF HEAT CONDUCTION
IN PERFORATED PLATES AND SHELLS WITH HEAT TRANSFER

R. N. Shvets and V., D, Pavlenko UDC 536.21

The problem of determining the steady-state temperature field is analyzed for the case of
plates and hollow shells with a circle of holes and boundary conditions of the third kind.

1. In analyzing the state of stress in thin-walled structural elements under conditions of nonuniform
heating, there arises the necessity of determining the temperature field [1, 2]. In this connection, we will
consider here a method of analytically determining the temperature field of shells with circular inhomo-
geneities,

The equation of heat conduction for thin shells, with the median surface referred to curvatures o
and 3, can be written as [2, 3]:
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According to [4, 5] and with Ky considered negligibly smaller than unity, as in the derivation of Eq. (1),
in order to find the mean-over-the-thickness shell temperatures
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needed for determining the temperature moments and the thermal forces, we have the following system of
approximate equations
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Equations (3), which take into account the heat transfer with the ambient medium according to Newton's

law [1], are also based on the assumption that the temperature is linearly distributed over the shell thick-
ness, namely

t=T,+ —;E-Tz. (5)
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Letting K = 0 in (3), we have now the well known equations of heat conduction for thin plates and these
equations are also used for approximately determining the temperature field of thin shells, where the ef-
fect of the curvature on the temperature distribution is negligible,

If the coupled system (3) has a general solution, then the temperature characteristics Ty and Ty can
be sought in the form:
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Inserting (6) into (3), we obtain two independent second-order differential equations for the unknown
functions i:
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The boundary conditions and the initial condition for functions T; and T, are obtained by averaging, in ac-

cordance with (2), the respective constraint values of the three-dimensional problem, In this way, the
given constraints on the temperature here will be satisfied in the integral sense,

2. Let a thin plate or a hollow shell with a variable temperature and a variable heat transfer be per-
forated by m identical circular holes whose centers lie on a circle of radius b, We will assume that the
centers of these holes are spaced equidistantly and that the boundary conditions are cyclically symmetric.

The steady-state temperature field of a given shell occupying an m-ply connected region (Fig. 1)
bounded by the contour L = Ly + Ly +. . . +Lm- will be determined from Eq. (3) with the following bound -
ary conditions on contours Ly (k=0,1,2,...,m~-1):
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According to the conditions "at infinity" [7], functions T, and T, tend toward the given values Ty()
and T2(°°) respectively as the distance from a hole approaches infinity (r — o).

The general solutions to the homogeneous equations (7) for the m-ply connected region S have the
property analogous to that of holomorphic functions {8, 9] and in polar coordinates (ri, 6k) they can be
written as
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where Kp(r) is the p~th order MacDonald function, ap(i) are unknown constant coefficients to be determined
from the boundary conditions, The particular solutions to these equations will be expressed in the form:
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where Ko(pir) are the fundamental solutions to Eqs. (7) [10].
Inserting the complete solutions
Y=Y+ (=1 2 (11

into relations (6), we find the integral temperature characteristics T; and T,.
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Without detracting from the generality of the solution, we will consider concentrated heating of a
shell by the ambient medium:
where 5(x) is the Dirac function,

In this case, by virtue of expression (10), we have
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It is not difficult to ascertain that the solutions in form (13) satisfy the conditions of periodicity and
"at infinity" [7], so that the boundary conditions need be satisfied on contour L, of the first hole only, The
boundary conditions on the contours of all other holes are then satisfied automatically,

For convenience, we will write solutions (13) at ry < 2bsinr/m inry, 6, coordinates referred to
the first hole, The theorem for combining cylindrical functions [11] and the identities
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Inserting the solutions (14) into the boundary conditions (8) for the contour of the first hole, and con-
sidering that certain functions can be represented in terms of Fourier series

T® \ D cos n,, (15)
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Fig. 1. Geometry of a perforated shell occupying an m-ply connected region.

Fig, 2, Effect of the distance between holes on the magnitudes of T, and
Ty at g5 = 0. Solid line and dashed line represent T,/T{, dashed-dotted
lines represent T,/T§: g4 = 0.5 and Kh = 0 (1), £, = 0.5 and Kh = 0.025
(2), e, =K =0 (3).

we obtain an infinite system of algebraic equations for the constant coefficients ay(i) and ap(i):
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This system of Eqgs. (16) can be solved by the reduction method [12]. We note that the right-hand
side of Eqgs. (16) depends on the particular solutions (10) and on the boundary conditions on the hole contours.

If K = 0 and the coefficients of heat transfer at the shell surfaces are all equal (g; = 0, £, = 0), then
system (3) breaks up into two independent equations from which each T can be determined, The latter can
also be determined as the limiting case, however, from relations (6)-(16) with K = 0 and €4 = 0. Then j,
=0, Ay = «, and the temperature characteristics

T; =1
At the same time,
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In this way, we obtain from (14)
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where the unknown coefficients an(l) and ap(i) are determined from the following infinite system of alge-
braic equations: '
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We note that, when the solutions to Eqs, (3) with K = 0 are represented according to [13] then the
limiting case for ¢, — 0 does not follow from the general solution,

3. As an example, we will consider a hollow spherical shell with two identical circular holes whose
radius is p and on whose contours the conditions

T; = Ti = const (19)

are satisfied, The ambient temperature is agsumed equal to zero (t'g = t; =0), Inthiscasem=2, k=1,
¢k = 2b, N=M = n, and, with the hole on the right side taken as the first one, relations (9) yield
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The unknown constant coefficients an(f) and g,(1) are determined from the equations
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The number of equations in solving system (21) was maintained finite, For a shell with the param-
eters p = 5h,b =1.25p, and &, = 0, the difference between the values of T, calculated at pointr=10, 6=10
(Fig. 1) with five and with ten equations of system (21) respectively does not exceed 1,5%.

In Fig. 2 is shown the effect which the distance between two holes by = 2(b—p) /h has on the magnitude
of the dimensionless temperature characteristics T;/T{ and T,/T§ atpointr = 0, § = 0.

The heat transfer from the lateral surfaces and the distance between holes have an appreciable effect
on the temperature distribution in a shell, In the case of thin hollow shells, according to the diagram, the
curvature has a negligible effect on the temperature field,

NOTATION
T, 0 are the polar coordinates;
Tk, Bk are the local polar coordinates;
2h is the shell thickness;
ky, ky are the principal curvatures of the medium shell surface;
A, B are the coefficients in the first quadratic representation of the median shell surface;
@ is the thermal diffusivity;
het, by~ are the relative coefficients of heat transfer at the shell surface;
t.*, to~  are the ambient temperatures at the shell surface;
vy = xh;
ki | is the relative coefficient of heat transfer at a hole contour;
Tc(l) is the integral temperature of the ambient medium;
I is the radius of hole in the shell;
b is the radius of the holes circle,
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